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.
Introduction ( Preliminaries )

a. Repin theory

D IT
,
V ) : a neph of H
v.s.IE

a gp homomorphism TC : H → Auto (V )

Def_?⃝2 An imedrepnlt , V ) of H :
I

'

ri

no proper WCV ( no H - stable subspace W)
OFWtv

Q What kinds of repens in Langlands program?

1- (
• Vocab admissible repins of Glen

✓ ( Especially) generic repin classical gps)
( Langlands - Shahidi ) Gspingps

• Galois rephs recent result

• lgloba1) Automorphic neptis



b. Local Langlands com. (without def )
finite to

{ admissible { →P { Langlands parametertepn of G (Galois repin)
[

Conan
. redgp/p

←
char 0

.

AÉ Numbertheorys.it#
(Harmonic analysis ) Galois gp &

(representation theory ) Galois representation .



b. Local Langlands com. (without def )
finite to

{ admissible { →P { Langlands parameter•repin of G (Galois repin)
[

Conan
. redgp/p

←
char 0

.

AÉ Numbertheorysi①
(Harmonic analysis ) Galois gp &

(representation theory )
Éaid

1- fins ( if we can define ?
= Artin C-ftns

{ Langlands
-Shahidi : via Fourier coefficient of Eisenstein

series

Rankin - Selberg method : via integral representation .

Projects



c. L-functions
" Dirichlet series

"

Aig A 2g 93,
' -

.

Data of ✗

~> Lls
,

× )

= E. nai
"

cpx numbers
"

f
n -4

ex) variety ,
elliptic curve,

modular forms
,
automorphic forms

Q



É Riemann - Zeta ftn ( an-4 on)

31st : =

④ Euler Produce

P② Functional Equation :

④ Meromorphic continuation to ①
with a pole at 5=1 .

Def



EEE.IE : elliptic curve /①
Y'= 714 axtbfa.BE ①-16141+2119=10)

AplE) = f Ptl
- #ECFP) if pt#

°

-1
,
0

,
I ifp I 0

Define Lp ( 5. E)÷ ( 1- aptE) p -s -18 ( p) pl
- 2s )

-1

Sip)=ff ¥8

Define Lls
. E) := It ↳ Is , E)

i.e.

Q
.

④ and ⑤ for Us
.
E) ?

Hasse - Weil conjecture for =L over

A
. .



we 2k

=5 f : m%d%PPar form w.r.tl?lNl
.

Where I? CN) :=/ ( Ebd) c-SLIM :(EH:(5¥)(med NH
modular property ⇒ flr . 2-7=62--1d)

"

f- (z)

F¥¥ for F- (Ebd)
With 8=-1101 , ) ⇒ f-12-+17=1-12)

Fourier analysis ⇒ flzt-n-zfanlfqnq-ek.it

Define Lls ,f1= IF anlf) n-s

④

Fact : P2 &P③



Conj1@Taniyama-Shimura-WeilconjEi.elliptic curve/
7- modular form f s -t

. AplE) = Aplf) tp .
⇒ ↳ Is , E) =Lpls, f)

Lls , E) =L Is ,
f)

☒ ✓ u

P⑦
- .

. v

④ - -
V

Q
.



Q
.

Can we find other
.

natural source of " nice " L- f -1ns?

(cuspidat ) automorphic repins of Glen)

n =L : Hecke characters

Tate 's thesis ( Bump Sec 3. 1)
through so- called Zeta integral

n =3 : ex ) modular forms

:



( through local zeta integral )

E Lls .
XI
,
X : f-

✗
→ ①

✗

F : non - archimedean local field

0 : the ring of integers
: a uniform izerof F

9- : cardinality of residue field of F
-

p : maximal ideal of 0 ,
i.e. TO =p

k= Otp : residue field

say ✗ is un ramified if ✗ is trivial on 0$

( is of the form ✗ (a)= late for some see)
"

p-adic valuation
"

Lls
,
✗ ) :-# C-

Xtw) 9-
s)
"
if ✗ is un ramified

1 otherwise

Q
.

Is it nice ?



Q
.

Is it nice ? Yes ( Tate 's thesis)

( see also Ex 1.10 and Remark 1. It

for global case )
How ? very briefly,

S (F) : the space of Schwartz - Bruhat fins on F

=/ locally constant , cptly supported if Fnaiohniiedean

rapidly decreasing ftns if f- archimedean

21s
, 4.

X.FI
2 Is ,

0
,
X) : ES (F) 6 : family of local Zeta integrals

Lls
.
X) : GCD of this family

,
i.e.

①t_0ESlFls.t.2ls.o.XKLlS.X7farXunramified@ZK0.XYus.x
)
is entire toes (F)

.

Not If ✗ is ramified
,

then 2- Is
,
0.x) is entire .



OIE

E×1 01=01
.
__characteristic ftn of 0

26,01
. ,X )

= { l-✗(É)q=
if ✗ is un ramified

0 if ✗ is ramified
.



Remark ( local zeta integral )

① 21s
,
0.x ) convergent if Rels )> 0

② 26.01.x ) has meromorphic continuation
to all 5 C-①

•

③ 21s
,
d. X) satisfies local functional equation .

i.e.





restricted product
✓
relative

to
00

E
% ,

of

K : number field
,

1A :=IÉo, the Adele
×

: = #ki the .

i dele

X• : Hecke character dont .

character of #4k¥

I = ④ Io where Xo = ✗ oio

ii.KEI k×VA×
71,1-7 (

" '

,
I
, 1,71241 ,

I ;-)

Xu is unramified for almost all 0
.

Let S = finite see of places S.t.
① contains archimedean places

② Iv is unramified if vets
.

Define (partial ) L- ftn associated to I

↳ Is , 1) =¥s Lls . Xo1=Tl( 1-Xinhai?
04s



Remar?⃝ (Global Zeta integral )
Let K

,
1A be as in Ex 1.10 .

S CIA) : the space of Schwartz - Bruhat fins on 1A
.

4

☒ = ④ Bo where

① Iou C- Sl Ku )
② Iou = 108 : the characteristic function of00

for almost all V.

For 01 C- SCAI
,

2- Is, §
,
I. 7=5*8611×-6111×1 sd✗x

We formally have

2- Is . F-
,
1) = It 2- Is , Eiko)



Ex 1.8 implies

2- Is
,
I
, E) =¥s 2- Is

,
Io
,
Bolt

VIES

= Ids 2- Is . Into¥
=¥21s . Into ↳ Is, I )

.

#)

propertiesofGlobalze-ainte.gr#.
P⑦ 21s , § ,

17 has meromorphic continuation
to Q

P② The global functional equation :

21s
,
§

,
1) = 2-Cts

,
§
,
IY

where 4 :/Alk → s '
a non-trivial additive character

,

I (g)=/µ 10th 417121 da .



Let Us ,
1) = Ills , X-D

.

④ &P② ( properties of global Zeta integral )

implies meromorphic continuation of us ,1)
and the following functional equation ofUs ,#

Lls
.1) = Els .# 4) Lll- s , X-D

where Els ,# 4) = IT Els , I it) .

pfofF.E.ofl.la#
From④ and # ) in the previous page,





Linear algebraic groups



Example 9-17271-10=12%71981-15DI IEEE
L2

.

Linear algebraic groups ⑥ Ln case )
F : non-archimedean local field of char 0

DG : connected reductive gp/f
a Zariski -closed subgroup of some GLN

whose radical consists of only semisimple
" the largest connected solvable normal subgp of G

"

(diagonal izabl e) elements .

= ⑥n , classical gps (SO, Sp,
Gsp radical : scalar matrix

3 Borel subgroup of G is the

the maximal connected solvable subgp .

E G--Glen B =



De-f2.IO P : Parabolic subgp of G
closed sbgp of G that contains some Borel subgp.

D= MN Levi decomposition
% [ Uni potent radical

of P
Levi subgroup
( reductivegp)

= 6=6 Ln

p

B



Assume G is split .
i. e. G has a maximal torus Ts .

-1
.

T is isomorphic to Gsm" - ✗ Ez;gYrF
Fix a Borel pair (B , T )

& Borel containing-1 .

⇒ B = T Uyunipotent radical of B.

determine the based root datum

✗
*

: = Hom (T
,
Gm ) gp

of chars ofT

☐
*
: the set of simple roots of Tin lieto

✗* : = Horn ( am ,
T) gp of co -chars

of -1

0 * : the set of simple co -roots ofT
.



g : --Lie (G) : the Lie algebra of G
Lex

. g-- nxn matrix for 6=6 Ln )
T Aadjoint

action

g
has the following
decomposition .

adj (t) v = to -51

g-- got# 9×1
in9

(kinds of) eigenspace with eigenvalueX
T acts trivially

adj G) U = ✗(t) v for
+ c-T
v c- GX

Such character X of T is called roots
.

G=GL , If
← non

-
archimedean

EX2.TO fieldof charo

maximal torus T :=f(" in .) / Knit06
Then ✗* = 2x

,
④ 2×2

,

where

@Xi tbh) ( 14 ,,) = 719 Kab



adjoint action ?

ad; /" ' a.) (Ebd / =

✗ = : the root ~

ga-lresp.tn= ) (resp . g-✗= )

R = f ✗=X ,
-Xz

,
-2=712-416

" the set of roots "



+
TU

De_f Positive roots wir .

-1
.

( B
,

T ) )
positive root ~ Lie (V )
Rt : the set of positive roots .

?⃝9 G-Gls

13--1-0=(8*9%9)
⇒ Lie to)=( 8¥ )
Therefore Rt writ .

(B. T) are

Def ( simple roots)
☐
*

: these-1 of simple roots is the basis of Rt



OIE±

E G-- G L n
,

* I . =L ¥11 i ¥+1
Adi /
"

: a.) . I ? =

R=

since lie10-1=1
"

/ ⑦ (00*000)+0 - - -
,

,

Rt=

☐
*
=



thm2@2CG.B.T) is classified by the based

root datum 4161=1×50%14,0*1

l×±E¥d*l⇒lX*.ly#X*.o*1ohangetherokcomplexreductivegpG
s.t.LG.B.FI -4*0*11%4

€2.13 Such complex gpG^ is called

the Langlands dualgp associated to G

G G
Antype Glen Glnic)
Bn " 502nA Spank)
Cn " Span Soan-116)
Dn " 502N Sonic)

Bn " Gspinsnti Gspanc
Dn " Gspinan 650mi)



Unramified LLC

1- Basic representation theory



F : non- archimedean local field
0 : the ringof integer
p : the maximal ideal of 6 Ñ : uniform izer off

k = Up : the residue field i.e. 00 =p

D_ef3.1@Locallyprofinitegroup_atopo1ogicaIgpGs.t
. every open

nbhd of the identity in G contains

a cpt open sbgp of G.

<⇒ locally cpt & totally disconnected
E?⃝ ① F non - archimedean local field
til C- f- ✗ → 2 f- U

n

,
U E OX

,
NEZ

unit

11×11=9
- n
= q

-4--1×7

→ topology
pn=w-no =/ KEF / 11×11<-9

- " 6 : open & Cpt

give a fundamental system of

open nbhd of 0 in F.



Fundamental system of
lcpt)

open nbhd of 1 in

.

- .

② f-
✗
: It pi ① , jzl

③ Glnlf) : Glen 101 & It pi Mn 103,521

(open subset of Mnlf))



Def3.3@smoothlT.V) of G is smooth if

UEV
,

7-
cpt open K of G S

.

-1
.

V C- VK
← K -fixed vector

(⇐ V= KUK
E Cpt open sbgps of G

)
Def admissible
A smooth (Ti V ) is admissible if

VK is finite - dimensional kept open Kota .



Glen (F) : nxn invertible matrices with entries inF

Glen 10 )

Recall
64101

'

: the open maximal Cpt subgp of G (F) . y
pi Mn 10) : Cpt & open

[
gives a

fundamental system of opennbdof1inGLrH.D_ef3.5@ta.V) : in
.

adm
. repin of G (F)

is spherical

iw.r.t.Gl01ifCorunramified1Def3@HeokealgebraofGw.r.t
.

610)

H (611%610) ) = CE (61071611%10) )
i. e. an algebra of 610 ) -bi - invariant ↳math)
tens of Cpt support .



t-ac-3.cl ①
peace,

, glop
@ V61"

②
⇒ If I : unramified

,
then din Vad =L

⇒ define the character Xa of HIGH-16101)
as follows

ath ) . U =

X-alhtuhc-HLGIF.co/oDTh-m3@Satake isomorphism
HCG 47,6101 ) I ①Is]?

E- orbits



T④9 (Unnamified LLC )

gisjph.in?da*lyq~f characters ofanramified
Hecke algebra

&

dim v6101=1 S Satake isomorphism

{ G- conjugacy classes offd- semisimple des of G^
"

Gln case :(
a"
:

an)
"

I : an inn
.

adm
.

unramified repin ofGHB
Face : 7- unramified characters Xi

,
Xz of f-*

( s.t.TL : unique unramified quotient of /Ind # ④XD

Then a (" ago ,/ c-GI
"

Satake parameter
"ofa



1€11 Why important ?
'

^

Fact Tensor produce theorem g ring
ofadele

F-④to automorphic veph of GC IA )
"global objects"

④ : restricted tensor product relative
to the Ku- fixed vector

for almost allV.

Tlv is unramified for almost all 0 §

Restricted tensor produce of vector spaces

{Vote us• S : a finite set of primes

For V ¢-5
,
let 95 be a given distinguished vector in Vu .

The restricted tensor product of { view

v.r . -1
. f%4o¢→ is

span {5-?⃝also / %
c- Vito

% = hi for all but finitely}
many is



Def3_i@l-ftnslunramifiedcase1Ti.irr.ad
m

.

unramified-rep.in of M
S LLC
Aa : semisimple conjugacy class in Ñ

r : f-d complex repin of Ñ
.

Then

We define the local Langlands L-f-1ns as follows

Lls , Tyr ) : =
,

SEE

E ti unramified of Gls (F) i-4,2
Th - Aa . = ' a) c- GÑ=GLdC)

TK~A-ai-fhp.se) ①

The standard L- fin of -14
Lls

,
Th ) =



The Rankin- Selberg left ion of it , and -42
Lls

,
T

,
✗Til = Dee ( I - 9-

s

Aa .④ Aaa )
-1

=

Q
.

How do we define Lls, ti , r)
if IT is ramified ?

Summary

E- ④to automorphic cuspidat repin ofG

r : É → G↳ (E) finite-dimensional mph

since to is an ramifiedforalmot-asfork-so-u~IA-t.ec§ ⇐0€ § ?
finite set

& Lls
,
Twirl = det ( I - rl And qisj !



Conj3 Langlands
"UES

,
we can define y

polynomial

L-ftnlls.tw .r) (of the form 17959-1 )
E-factors ( x Aqims )
s

.

-1
.

④ and P@holdsforLlsiT.r)

?⃝ Functional Equation
" to .rs

Flask-4195
'

Lls
, Tir ) = Effectors) Utsa ,rY

④ has a meromorphic continuation
to all of E.

Method :<



A. The Langlands - Shahidi method
does this for certain r

in the case TL is

ge-ic-rreph.LK
: generic { def

?

important ?

Many L- f-1ns appear in the constant

terms of Eisenstein series
associated to cuspidat reins
of Levi subgp 8
E. 5

.

⇒

tftns



,

"

Langlands -Shahidi method I

Cgenericrepins )
Main

tools

local coefficients Eisenstein
series

8- fa%ors Intertwiningoperator

b- fins



A
. Whittaker functionals and the Jacquet functor

Goal :①Definition of generic repens
② Property of "

11

K⇒ def& Property of Whittaker functionals )

G = conn .

red
. GP IF or Glen

F : non- Archimedean local field of char 0
.

4 : a non-trivial additive char of F
tompex valued

UCF) : upper triangular unipotent matrices
in Glen (F)

✗ : a character of UCF) defined by

✗ tut-4.Eiui.in/,U--lUi,;)c-UlF)

(E
,
V ) : a smooth imed . repin of G Ln (F) .

Def (X- generic Whittaker functional for E)
✗ : V → ① : a linear functional st

.

✗ ( Teluk ) = ✗ Iu) Ka )
for all u c- UCF)

,
KEV

.



thm4.CC uniqueness of Whittaker models )
(T

,
V ) :

an imed adm
. rep

'

n of Glen (F)
Then

dim (the space of Whittaker functionals) £1 .

on V

We fix a Whittaker functional ✗ .

Df④e3 ( Whittaker model of it ,
V1 )

Wu : function on Glen (F) of the form

Wv lg ) = ✗ ( Etsy ) for vevA
GlnlF) T

Whittaker functional



DefAn in .

adm
. repin Tv of G (F)

is called X - genetic if
7-
non - zero

✗ -generic Whittaker functional
for 6

.

Thm
(Ti V ) : an inn

.
adm

. Repin of GIF )

the space ofdim (X-generic Whittaker functional for a) £1



b. Jacquet fun .4or
⇐ V ) : a smooth repin of Glslf )

p=MXN
B (F) = -111=1141--1 : Borel subgroup

,

in
normal"

"
"

T( F) = { ( % %) c-Gls (F) 6 torus of diagonal elts

Nlf)=UlF)=k ! 9) be in G↳ (F)

Vµ:= spanf-alnw-vfnc-NIFI.VE V4 E V
subspace

TIM
% alt) ( Tclnlv -V )a

VN ( = THINGY 'S TIFF
- Til -110 ) .

= -111 n' 10
'
-V

'

E UN

⇒ JTV)=%
TCF ) the largest

quotient
of ✓

on
which

N acts
trivially

N
(the space

of co invariant
)

De_f : TLF) → End ( Jul )

( IN
, ILY ) : corresponding repin of TCF)

t Jacquet module

obtained by restricting to BCF )

& taking the quotient -111--1=-134%1 ,⇒
DeJacquet functor 4- = r§=r&" )
r% Repin of Gbl F) → Repin of TCF )

(Tgv )- ( IN
,
3W ) )



Similarly for G : conn
.

red
. gp IF

F- MN parabolic sbgp ofG
T Levi Unipotent radical of P

we define Jacquet functor8

T④ Jacquet functor is exact .

0 → V
'

-4 V→ v
"
→ 0

short exact sequence of B (F) -module

⇒ o → v 'm → Vw → v1 +0 is exact

RYFII.edu#aaYI-I:IIor,func+i.-ona1-
Similarly as VN

,

we define

4 : fixed nontrivial additive character of F

Viv
,y
= span {TilMV - Unt n tu / nc-NCFI.veV6

Jaw ) = V /Viv it



t-ac-4.GG
①The functor Ty is exact

.

② 7 is W
.
F. (Whittaker functional )

⇐ ✗ ( Icn )01=4 / n ) 710 )

⇐ ✗ annihilates Vivir
⇐ ✗ factor through Jx(V1 .

③ ⇐ V ) : an irredadm . neptis of GLIB .

Then dim Jy (VIII.



C. Langlands- Shahidi
c. 0 Preliminaries ( Induced repin

, intertwiningoperator

Def Induced repin 01¥
G : Glen -

Gls Glen

M Levi sbgp (ab )
. ☒n±)

IndpG : Rep (M ) → Rep@ )
✗
MN

② Vs ) : irrredadmrepn of MIF )
modular character

5- Ind (6)
g
of P

Va =/ f : G → Vs / flmngt-spkm-ocmsflg.ly
MEM

, nc-N.ge G

/ / Itis locally constant /

Glrcase : Spla b) =/ at 1b
7- an open sbgpk . of G S

.
-1

.

f- lgktflg) V-geG
,
Ko-Ko

.



If G is a locally cptgp,

7- left- invariant and right -invariant measures on G

called left and right Haar measures, respectively .

If they are the same, then G is called unimodular .
Ex) Gun ,

F)
,
Unipotent, Cpt, abelian gp

non -Unimodulargp : parabolic subgps .



0T¥ ( upper triangular matrix0-1 modular character 71K¥)

- GL (n , F)

b= (
1 "" " ' %¥n ) (* Ya . . . g.)'

'

.

.

i

d) drb = TI dai; Ñd✗yi is
Is# In in

a right Haar measure on B (F)

(2) dub = ly , /
' -n

ly-1
""

. . . lyn /
" drb is

a left Haar measure on BCF)

Det since drb = FBI b) dub
,

SB (b) = 1211
"- '

lyin
-3

. . . I rynltn
.

Noted ✗

Yi is both left and right Haarmeisw
" # drsi



Why important ?

Th ( Jacquet )

IT : in
.

adm
. Repin of GIF)

7-
D= MN parabolic sbgp of G

& G : supercuspidat repin of M( F) s- t .

Hong La , Ind § lol) -1-0

i -e .
it is a subreph of Indp46) .

NcteThis is NOT a full classification ofadm . mph

• Indl ) might be reducible
• Indc ) might have more than one

"%db
.

Subject : Classification of discrete series .



Intertwining operator

( TL , ,
V

, )É Liz
,
V2 ) Gt .

To til g) = Til g) •T tg C- G



Def4Local coefficient

India )A- Ind ,%( a ')
Lw '

→ e-
Whittaker functional



c. 1 local coefficient (maximal case)

G : split

←
maximal tones which

is split

B(7) Borel pair & i. the set of simple roots
.

_h5 7-
one-to-one

parabolic sbgp
← subset of 0

•

containing B

Po -1 8-
⇒ ✗GO set .

• Po is called maximal if 0=0406

From now on
,
we consider only
maximal case .



WH)=N•% Weylgp
7- woewt) s . -1 .

Wolf)CO&Wo(✗KO

EbGk case ↳=L, ' ) act like

wol-4-sfwii-lt.tn)



Settling ( maximal case
,
i.e. 0=0*1×6)

6 : irred
.

adm
. generic repin of MEH

I Is , 6) :=IndpG( 6 ④ q↳ñ ,
Hml -D)

where P denotes the sum of positive roots in N

& I = SEIER
• 2-pairing between

characters of ¢9T)and characters

• XV : the coral of the roots

SÑ C- complex ification of ✗EM) .

g-
<✗ '
"" ↳D= fxcm) /p Fm c- M

,
XE XFM)F

Repin space Vls ,
6) : v. s

.

of smooth ten
f : G → V6 s

-

t
-

¥ ,,
Spla# =#

f-1mn g) = 61m ) of
↳ ñ + PP , HPCMD fig,

4- Is ,6) (g) f) (b) = flhg)
"

right action
"



Intertwining operator
Als , Th Wo)flg)=f f- two- In g) dn

N'(F) =
Wow

-wit

Ils
,
a)→ Ilwols? Wola ))

check if f- C- Ils ,
a)
,
then Als

,
Ti
,Wolf

C- Ilwols),Wo⇒



Def☒Local coefficient (maximal case )

Ilsñ
,
6) → Ilwls2) into))

Alsñ
,
6
,

W) : Ils
,
6) → I ( Wls ) ,wish

11 def

IndpG( a q↳ñ , Hml
-

D)
✗ 1556 )

wlsñl
,
who)

①

C.✗GIG ,w) ✗ylwlsñ) ,wlb) Alesñ , 6. W) -1×62,6 )

9
local coefficient C- ¢
"

rational function of g-
S "



(Shahidi
,
19841 case of GL.mxGkn

G-- Glmen M=GLm✗GLn

Im (resp . In ) in .

adm
. generic repin of

GLm(F) (resp .GknlFD

①④¥9k
>
simple rare
✗ in N

i. e. 0=011×6 &M=Mo

Po=MoNo
☐

Pp: sum of positive
roots in N

Xi -✗ma
,
Xi -Xmtz

,

-
-
-

,
Xi -✗men

Xz- Xmti
, ÷

-
- Xz-Xmtn

✗nm
- Xmti

,
.
. - ✗ nm

-Xmtn

ntx ,
-1 . -

- + ✗ m ) - m(✗mat
-

- - +✗men )
A-✗m

-Xmtl

Ñ=¥Pp ftp.d?--m-n
(n

, Ai
' '

, Njbm ,

-m
,

.

.
-

,

- m) . (o. . 0 I -1 )

7-
woe W S . -1 .

Wo (F)CO &Wo(✗KO



↳ (Ñp ,
an ④Tim

,

Wo )

= Tls
,
In ✗ Tim

,
4)

where R.tk
.
defined by Jacquet , Piatetski - Shapiro,Shatila

"

Rankin - Selberg convolution
"



Ncte_4@LLCisknownforGLn4-TnmEllni.W
p

'
→ Glnic)

am tÉ em : WE → Glmlic)

Then Lls
,
In ✗ Tim ) = Lls, In ④ 6m )

& Els
, Tlnxtmit ) = ECS , on④ 4m ,4)

where RHS
.

are Artin factor attached to
an④ Pm : WE → Glnm (G)

.

"

Analytic side
"

Therefore local coefficient ( Langlands-Shahidi

= Artin factors ¥
"
Number theory side

"



C. 2 8- factors ( LS -method )

P0F : archimedean or 6 is unramified
.

(Fact : LLC is known for any conn
.

red
. gp )

¢ : Langlands parameter of 6
Langlands
&Shahidi

WÉ → 4h

Then C.
✗ ( sñ , 6 , Wo )

= TT r ( is
,
ri cool

,
4)

2- =L

(Here r : the adjoint action of 44 on Ln )
9

m Lnw
f- ④ ri

Nw=VnwÑw
"

E- ' 9 irreducible

(determined by root
condition ) self-associate

""

wµ-w"=N

(Note : this naturally appear in the calculation
of intertwiningoperator in the anramified case

)



adjoint action (I , pv > =i
avi-spanfEpvc-tnka~pvs.it
Define ( naturally )

81s
,
6 , ri ,4)

= Hs
,
rio 01,43

Lls , 6 , ri ) =L Is, Rio 0 )

Els ,
6
,
ri

,
4) = Els, rio 0,4)

Then rls.6.ri.xt-ecs.eri.ly
"



MaintheoreminLanglands-ShahidiTh_m4.2@F.p
-adic field

p :X-generic supercuspidat repin ofME)

Then 7-
unique M complex functions

✗ Is , p , ri , 4) s
.
-1

.

① (✗ lsñ, p , Wo ) = Ñ His,Ari . 47.
it

② Functional Equation

I := To generic cuspidat repin

$ : finite set of place

↳ (sa ,
ri)=¥$Hs, Tiu, riitu)↳•

Its
,
Fri )

.



③ Multiplication'+y of f- factors .

ex) 6 : unique subnepin of Steinberg

Ind 4 Ép④ii¥p④ . . . ④ Ii '¥p )
where p : Supercuspidat repin ofGhb

Ind 16 ④ F)↳ Ind / I l¥p④ .
- . ④ I p④pY

Then ③ implies p - I

86,0×05.14--7=1081%1*-7×5,4 )
Ils

, 6④p7cInd(É+¥p ④ I É¥ -'p④ .
. -④ I É¥④1i¥)

81%6×5,4)=¥Irls+É - i. p ✗ Fit )

Note similar property . of③ for tftion

does NOT hold .8

(due to cancellation )



Rema_rIf & : WE → 44 is parametrization

of p, we EXPECT rls.p.ri.it)
11

81s
, riot it)

.

But few cases is unknown
.

Glen Ishak;D ;) Classical gps ✓ ( Shahidi -Kim - logdl.PT
Krishnamurthy

Th Niemann-146Spin Vµµ local Langlands

general case ?

similitude groups ?

exceptional groups !



c. 3 L- fins from LS method

tempered 6 : tempered
,generic

Read 86,6 , ri , 4) : rational ftn of g-
s

"

pg.gg#
←
numerator s-t.DPG.it) is poly .

-

② Paolo> =L .

polynomial of g-
s

Then define
Lls

,
6

,
ri) := Psi (9-5)-1

Lls, 6 ,Ñ ) := Pz
,
; ( g-

s)
-1

Els
,
6. riitk-rls.s.ri.it) }

T monomial in g-
s

( B a-my
1 Fact : 86,6

,
ri

.4) Hts ,
6, ri ,

41=1 )



generate 6 : non- tempered ,generic

Follow Langlands classification I

De_f4@46tempitemperedrep.n
ICU

,
Gtemp) is in the Langlands situation

if / Re ku , ✗9) > 0 it
✗ c- o_O

At④ 112€

A*= ✗*(M ) ④z 112 = ✗*(A) ④KIR
q

connected component
of the center of M

( so far we ☒My consider 0=58
with maximal case)



I
, ✗ The

Ti
,
-112 : tempered

E4 Calm ✗ Glen C Glmtn

G- { Xik
,

"

,XnEgEn+i ,
"
' ,Xn+-Xnt

E- OWE
Ilsñ, "i✗F¥Ind( AT ✗ The ④ q< sñ, Hpl ) ))

µ

"

:j"÷gE÷
"
"

S .

0=5,1×1-1 . .
- +Xml

tSlXm+ , -1 - . - +Xmtn )

Ils , ,
Sa
,

Ti ④Ta) = Ind⇐④ 1 Is'④Tk④l 1
")

Langlands situation ? Rekha>) >otxc-0-oourca-Rekv.AT) > 0 ✗=Xm-Xm+ ,

⇐ Reb
. ) - Rely > 0



ImÑ4(Langlands classification )
F : local field

Assume IIU ,
6) is in Langlands' situation .

Then IN ,
6) has a unique irreducible quotient,

called Langlands' quotient, denote it by Jlv ,6) .

Any in .

adm
. rep

'

n Tl of G (F) occurs

uniquely as some Tlv ,
6)

.

(P , V , 6) : Langlands' data for TL .

adm
.

) Langlands classification
temp .

d. S
.

S . C .



Langlands - Shahidi method I.

( Eisenstein series )



Summary
Intertwining operators ( local coefficients)

I

1- ftns from Langlands -Shahidi

Fact .IT appears inthe constant term
of Eisenstein series

• non-constant terms gives
some properties of tftns

E. S
.

L-ftns

meromorphic continuation ⇒ Langlands M.C.

F- =L Shahidi - quasi -split

& F. E. (
non- constant

term /

:



L 5
.
LS -method I : Eisenstein series

(Global obiect )

K : number field G : conn . reductive gplk
'

IAK : adele, of K

TL : cuspidat repin of MCIA )

F- Po =MN
,
0=0- date

DeGlobal induced rep's n

Ils
,
a) = ④ Ils ,

To )

T restricted tensor product

VK.tk/fc-oEsVlsiTo)XOo#sfi/fiiss.-.filkI=lV-koc-61¥

-



similarly , global intertwining operator

Mls
,
a) f- (g) = fog,+, f- twing)

dn

where N' is the Uni potent radical of pkpw.io,

Then Mls
,
a) = ④ A 1s

,
Fu

,
Wo )

: Tls
,
a) → Il -S ,

Wola ) )

T l Langlands )
TL is automorphic rep

'

n of GUA )

iff TL is a subquotient ofICs, 6)
for some cuspidat neph 6 of MOAI

F- ?⃝To
to is a subquotient of Itv , Go ) .to

Tlv is unramified foralmost all u



D_et Eisenstein series

For fs= ¢119
+PP - HPL )> c- Its

>
a)

Els, -11,01, g) = I fslrg) .

X-p ,#
(K)-

¢(rg)q4ñ+pp,HpHgD

pp : f- ( sum of positive roots in N ) Splm)

Sp : modulus character = d¥p¥¥h+ Ide Admit

tdpplmkfplm

G-- Gls /☒ P=B : Borel sbgp

fill = s↳WnB(Ñ""Bl

f- = qcsñtpp , Hpc ) > & g- (
Yi 2- in
0 g-E.)Yo

i. e. 0=1 )



{ exercise
-

Els
, 1. g) = I Imlrz )¥

,
z=x+iy

talk,TESLER)ABlQ)

swktnBCQ-ftfb.nl/nc-zleImlrz1--iEi+-Z@
¥

= Iccidlc-z.sn/Cz-Yd1-st1/gcdCc.dl--I

7- ns.t .

Iqbal :-(1) (YY ) for any (%d1.fi#-swN
⇐ 16.*)=(

'on
,
)



Ex5-5@ElZ.s) : = I
( Cid) c-22 1cz%zs , 2- = > ( tiny c-①

gcdlc , d) =L

Fourier expansion : Etxtiy ,5) = Izz only ,
s) ekin

"

•

Fact ¥ñ⇒eicz!÷=¥, extmzmdps
(Cid) -1-190 ) cc! d) = I

⇒¥
,
mis Elks) -2912s) Elz , s)

AolY ,
s) = f.

'

Etxtiy , s ) DX
Riemann - zeta

-5.5¥ So'¥÷¥•o
,
icz-F-dp.dk by Face

=¥
, [ Sid:<¥7s dots. ' E¥%

.kz?ipsdn)--ys--zs-,f!Eg@*d)-Feyqs-dx--Y--s
, _É¥£Ig¢*d)¥Éy→d"



Substitute x1→ 7L- El
=D -1¥.EE?c#f:ei+y-sdx-&..iji--ys+iiiisi--''-yssIi.i+jysds@

= "i¥%s"

=ys+ rsts-ys-i.is?,--byi-s .

⇒ constant term of Fourier series
.

a. 12, s) = yst YYzy1⇒ .

Maass9¥IH Elz
,
s) =L F) Elz ,

1- s)

Aoly ,
s ) It Aoly , 1- s) HII

⇒ Elz
,
s) =L Elz

,
1-s) : 8¥41 2£

Ll 2s)

n -4 ⇒ a , ly , s) =
L# a.ly, 1- s)425)

for n# 0 non - constant term of Fourier series
.

fancy, s) = 21nt%61-zs.LY?YZK-s--2-nM
⇒ Lls ) = Lll- s )



Boskpropertiesof-E.S.io
Elsa , fs , g) and Mls

,
a) have

meromorphic continuation to all of Q

• El - s
,
Wola )

,
Mls

,
alfs

,g)
= EG

,
Thfs

,
g)

TL : cuspidat repin of MCIA )

continues mep=p•=MN,o=É①
De☒.6 Constant term of Els, Tio , g)

along a parabolic sbgp Q=MoNQ .

Eats , it , 491 =↳ ya ,

Els
,
-11,01ing) dn .

Not F)

T Unless Q= P
,
pw.co )

,
Eff , Takako.

If P is self - conjugate , i.e. P=p
'

,
then

Els , Tio
, g) = ¢ /g) qcst-PPIHPGD-pys.gg/gyq-sI-pp,HplsD

0





A1
.

- The Art in reciprocity map of local class field theory
r : FI → Gal ( FT/Fo)

ab

has dense image, inducing an injection r*

§ chars of GallFulfill ↳ { Chars of File
If r* I put =Xv ,
ELEK Lls , Xo)

the local Art in 1-factor

Lls
.
Xo ) =) (

1-Xo /WJ ) 95s)
" if Xu is un ramified

I otherwise



A 2 f☒f( 1)

④ Iff : no-ma.affigqdcuspidallteckeeigenfr.tt
then
Lls

,
f) = g- ( 1-aplftp-s-pk-1.p-assjroughideao-f.pt#Fact-

① Aml f) an (f) = Amn /f) if cm.nl =/
② April (f) - Apkf) Apr /f) + pk

-'

Aprilf) = 0 .

( By the theory of Hecke operators )
.

Lls
,f) =Iann¥=Tj(l+p¥+p%¥ . . . )

= T.IE?foAprlf)p-rs)
Fact② ⇒ 4- aptf) ✗ + pb-1×7 / É? aprrlflxr)
= ¥9aprlflxr-Z.JAplflaprlflxmt-zfpk-lq.ro/Xr+2--Alf)tAplf1X-

Aplfla , tf) ✗ = I

% Us
.f) = taplfpstpbtpts


